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ON SOME PERMANENCE PROPERTIES OF (DERIVED) SPLINTERS
RANKEYA DATTA AND KEVIN TUCKER
ABSTRACT. We show that Noetherian splinters ascend under essentially étale homomor-
phisms. Along the way, we also prove that the henselization of a Noetherian local splinter is
always a splinter and that the completion of a local splinter with geometrically regular formal
fibers is a splinter. Finally, we give an example of a (non-excellent) Gorenstein local splinter
with mild singularities whose completion is not a splinter. Our results provide evidence for a
strengthening of the direct summand theorem, namely that regular maps preserve the splinter
property.
1. INTRODUCTION
Recall that a Noetherian ring R is a splinter if any finite ring map R → S that induces a
surjection on Spec has a left-inverse in the category ofR-modules [Ma88]. Perhaps owing to
their simple definition, basic questions about splinters are often devilishly difficult to answer.
For example, Hochster’s direct summand conjecture (now a theorem) is the modest assertion
that a regular ring of any characteristic is a splinter. However, it took the advent of perfectoid
geometry for this conjecture to be settled by André in mixed characteristic [And18] (see also
[Bha18, Hei02]), decades after Hochster’s verification of the equal characteristic case using
Frobenius techniques [Hoc73(a)].
The direct summand theorem justifies thinking of a splinter as a characteristic independent
notion of singularity. The goal of this paper is to show that splinters satisfy some basic
permanence properties enjoyed by other classes of singularities. Our first main result follows
below, which to the best of our knowledge has not appeared previously.
Theorem A. Let ϕ : R → S be an essentially étale homomorphism of Noetherian rings of
arbitrary characteristic. If R is a splinter, then S is a splinter.
Most notions of singularities such as reduced, normal, Gorenstein, complete intersection,
Cohen–Macaulay in fact ascend under regular maps, that is, flat maps of Noetherian rings
with geometrically regular fibers. Theorem A provides characteristic independent evidence
suggesting the same is true for splinters. However, a proof of this stronger result is likely
difficult as ascent of splinters under regular maps would imply the direct summand theorem
(see Remark 4.0.1(2)). On the other hand, Theorem A and an application of Néron–Popescu
desingularization show that the principal remaining difficulty lies in verifying that a polyno-
mial ring over a splinter remains a splinter (Remark 4.0.1(1)).
The second author was supported in part by NSF grant DMS #1602070 and #1707661, and by a fellowship
from the Sloan Foundation.
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Splinters behave very differently depending on the characteristic of the ring. In equal
characteristic 0, for instance, splinters starkly contrast with a more restrictive derived vari-
ant. Following [Bha12], we say a Noetherian ring R of arbitrary characteristic is a de-
rived splinter if for any proper surjective morphism f : X → Spec(R), the induced map
R → RΓ(X,OX) splits in the derived category D(ModR). In equal characteristic 0, splin-
ters have long been known to coincide with normal rings via an argument involving the trace
map [Bha12, Example 1.1]. On the other hand, a ring essentially of finite type over a field of
characteristic 0 is a derived splinter precisely when it has rational singularities [Kov00] (c.f.
[Bha12, Theorem 2.12]). Hence such rings are not only normal but even Cohen–Macaulay.
The situation is remarkably different in prime characteristic, where Bhatt showed that
splinters coincide with derived splinters [Bha12, Theorem 1.4]. Furthermore, in this setting
splinters are conjecturally equivalent to F -regular singularities. F -regularity was introduced
by Hochster and Huneke in the celebrated theory of tight closure [HH90], and correspond
via standard reduction techniques to the Kawamata log terminal singularities fundamental
in complex birational geometry [Smi97, MS97, Har98]. While an F -regular singularity is
always a splinter (Remark 2.4.1(2)), the converse is known only in the Q-Gorenstein setting
[Sin99]. The conjectural equivalence of splinters and F -regularity would also resolve some
important and long–standing localization questions in tight closure theory.
It is perhaps not surprising that (derived) splinters remain quite mysterious in mixed char-
acteristic, where sophisticated techniques were required to prove the direct summand theo-
rem. Bhatt improved upon André’s result in [Bha18], showing that regular rings in mixed
characteristic are even derived splinters. Astonishingly, Bhatt’s forthcoming work further
indicates that splinters and derived splinters also coincide in mixed characteristic [Bha].
Given the close relationship between splinters and their derived variant, it is natural to
wonder about the the derived analogue of Theorem A. In equal characteristic zero, this fol-
lows from [Kov00] because rational singularities are preserved by essentially étale maps
(see Corollary 3.3.5). In prime and mixed characteristic, Theorem A also implies the derived
analogue by Bhatt’s work.
1.1. Structure of the proof of Theorem A. We prove Theorem A by reducing to the case
where ϕ : R → S is finite étale, which first necessitates an understanding of how splinters
behave under henselization. To that end, we establish the following result:
Theorem B. Let (R,m) be a Noetherian local ring. Then R is a splinter if and only if its
henselization Rh is a splinter.
Strict henselizations of splinters are also splinters (see Corollary 3.3.3), which in turn implies
that Theorems A and B are equivalent (Remark 3.3.4).
Preservation of the splinter property under henselization raises the natural question of
whether the completion of a local splinter is a splinter. In equal characteristic zero this fails
by Nagata’s example of a normal local ring whose completion is not reduced [Nag55] be-
cause splinters are always reduced (Lemma 2.1.1). The same example does not work in prime
characteristic where local splinters are always analytically unramified (Remark 2.4.1(1)).
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Nevertheless, we show that there exist positive characteristic local splinters with even Goren-
stein F -regular singularities whose completions are not splinters (Example 3.2.1). At the
same time, any such example cannot be excellent because we also prove that splinters be-
have well under completions for local rings that usually arise in arithmetic and geometry.
Theorem C. Let (R,m) be a Noetherian local ring such thatR→ R̂ is regular (for example,
if R is excellent). Then R is a splinter if and only if R̂ is a splinter.
Theorem C further corroborates our belief that regular maps should preserve the splinter
property.
The proof of Theorem C uses an ideal-theoretic result of Smith for excellent normal local
rings [Smi94, Proposition 5.10]. In our setting, we are able to establish an analogue of
Smith’s result for henselizations of arbitrary normal local rings, not just excellent ones.
This key result, highlighted below, allows us to prove Theorem B without any restrictions on
formal fibers.
Proposition 3.1.4. Let (R,m) be a normal local domain (not necessarily Noetherian), and
let Rh and Rsh denote its henselization and strict henselization respectively. Then Rh and
Rsh are normal domains, and if I is an ideal of R, we have
I(Rh)+ ∩R = IR+ ∩R = I(Rsh)+ ∩ R.
Here R+ denotes the absolute integral closure of a domain R, that is, R+ is the integral
closure of R in an algebraic closure of its fraction field. Armed with Proposition 3.1.4 and
[Smi94, Proposition 5.10], Theorems B and C then have almost similar proofs.
1.2. Outline of the paper. We begin Section 2 by discussing some elementary properties
of splinters (Subsection 2.1). We next investigate descent of splinters under pure and, the
closely related notion of, cyclically pure maps. Crucial to our comparison of purity versus
cyclic purity for splinters is Hochster’s notion of approximately Gorenstein rings (Definition
2.2.4). These are Noetherian rings for which purity and cyclic purity coincide. Splinters
are also related to absolute integral closures, a connection hinted at by the aforementioned
Proposition 3.1.4. Indeed, it is well-known that in order for a Noetherian domain R to be
a splinter, it is necessary and sufficient for R → R+ to be a pure map (a.k.a. universally
injective map). Thus, we briefly discuss how the absolute integral closure interacts with
the notion of a splinter. We end Section 2 by highlighting connections between the splinter
condition and notions of singularities defined in prime characteristic via the Frobenius map.
In Section 3 we prove our main theorems. We end our paper by collecting some basic
questions, which, as far as we know, are still open for splinters (Section 4).
1.3. Conventions. All rings in this paper are commutative with identity. Although our re-
sults are primarily about Noetherian rings, we often use the absolute integral closure of a
domain which is highly non-Noetherian. Diverging from usual practice in commutative al-
gebra, by a ‘local ring’ we mean a ring with a unique maximal ideal which is not necessarily
Noetherian. When we want the local ring to be Noetherian, we will explicitly say so. We will
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sometimes talk about normal rings in a non-Noetherian setting. Recall that an arbitrary com-
mutative ring R is normal if for all prime ideals p of R, Rp is a domain which is integrally
closed in its fraction field [Sta19, Tag 00GV]. A reduced ringR (not necessarily Noetherian)
with finitely many minimal primes is normal precisely when it is integrally closed in its total
quotient ring, and in this case R decomposes as a finite product of normal domains [Sta19,
Tag 030C].
2. PROPERTIES OF SPLINTERS
Throughout this section, R will denote a Noetherian ring of arbitrary characteristic unless
otherwise specified. We begin by highlighting some well-known properties of splinters.
2.1. Basic properties. If R is a splinter, then R is reduced because the canonical map R։
Rred splits. Note that a reduced ring R is a splinter if and only if every finite extension
R →֒ S splits in the category of R-modules. This is because if R is reduced, a finite map
R→ S induces a surjection on Spec if and only if it is injective.
A local splinter is not just reduced, but even a domain. In the literature this is usually
deduced as a consequence of splinters being normal, but we provide a direct elementary
proof here.
Lemma 2.1.1. A Noetherian local splinter (R,m) is a domain. In fact, R is normal.
Proof. Assume R is not a domain. Since R is reduced, it has more than one minimal prime,
say p1, . . . , pn, where n ≥ 2. Consider the projection
ϕ : R→ R/p1 × · · · ×R/pn.
This is finite and surjective on Spec, and so, it splits as a map of R-modules. Let φ be a left
inverse of ϕ, and ei be the standard idempotent of R/p1 × · · · × R/pn with a 1 in the i-th
spot. Since ei is annihilated by pi when R/p1 × · · · × R/pn is viewed as an R-module, it
follows that φ(ei) ∈ m, for all i. But then,
1 = φ(1) =
n∑
i=1
φ(ei) ∈ m,
which is a contradiction. So n = 1, and R is a domain because it is reduced.
We now show R is normal. Let K = Frac(R), and a/b ∈ K be integral over R. As the
module-finite extension
R →֒ R[a/b]
splits, it must be an isomorphism sinceR andR[a/b] are torsion-freeR-modules of the same
rank. Thus, a/b ∈ R, proving normality. 
Remark 2.1.2. Lemma 2.1.1 implies that a (non-local) splinter decomposes into a finite
product of normal domains [Sta19, Tag 030C], each of which is easily checked to also be a
splinter. Conversely, a finite direct product of splinters is a splinter. Hence most questions
about splinters reduce to the domain case.
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The following result shows that the property of being a splinter is local:
Lemma 2.1.3. Let R be a Noetherian ring. Then the following are equivalent:
(1) R is a splinter.
(2) For all prime ideals p ∈ Spec(R), Rp is a splinter.
(3) For all maximal ideals m ∈ Spec(R), Rm is a splinter.
Hence, if R is a splinter, then for any multiplicative set S ⊂ R, S−1R is a splinter.
Sketch of proof. For (1)⇒ (2) it suffices to assumeR is a domain, and then the result follows
by a simple spreading out argument, while (2)⇒ (3) is obvious. Assuming (3), note that it
suffices to show that any finite extension R →֒ S splits. But such a splitting can be checked
locally at the maximal ideals where it always holds by the hypothesis of (3).
The final assertion follows from the equivalence of (1)-(3) because localizations of S−1R
at its prime ideals coincide with localizations of R at primes that do not intersect S. 
2.2. Purity and descent of splinters. This subsection is the technical heart of this paper,
as it provides a more tractable criterion for verifying the splinter condition (Lemma 2.2.6).
Among applications, we show that splinters descend under a notion that is substantially
weaker than faithful flatness (Proposition 2.2.8), which we now introduce.
For any commutative ringA, we say that a map ofA-modulesM → N is pure if for allA-
modules P , the induced mapM⊗AP → N⊗AP is injective. Pure maps are sometimes also
called universally injective maps [Sta19, Tag 058I]. Closely related to the notion of purity is
that of cyclic purity, which may be less familiar to the reader.
Definition 2.2.1. Given a ring A, we say that a map of A-modules M → N is cyclically
pure if for all cyclic A-modules A/I , the induced mapM/IM → N/IN is injective.
Remark 2.2.2. Taking the cyclic module to be A itself, it follows that cyclically pure maps
are injective. Pure maps are obviously cyclically pure, and it is easy to check that faithfully
flat ring maps are pure, hence cyclically pure [Bou89, Chapter I, §3.5, Proposition 9]. Purity
and cyclic purity are significantly weaker than faithful flatness. For example, Kunz showed
that the Frobenius map of a Noetherian ring of prime characteristic is faithfully flat precisely
when the ring is regular [Kun69]. However, non-regular rings for which the Frobenius map
is pure (equivalently, cyclically pure) are abundant and are at the heart of Frobenius splitting
techniques in positive characteristic algebra and geometry.
A split map of modules is pure, and the converse is true under a mild restriction.
Lemma 2.2.3. [HR76, Corollary 5.2] If ϕ : M → N is a pure map of A-modules whose
cokernel is finitely presented, then ϕ splits, that is, it admits a left inverse inModA.
It is natural to ask when the notions of cyclic purity and purity coincide for ring maps.
Hochster discovered a surprising algebraic property that characterizes those Noetherian rings
A for which any cyclically pure ring map A→ B is pure. We now introduce this property.
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Definition 2.2.4. [Hoc77, Definitions (1.1) and (1.3)] A Noetherian local ring (R,m) is
approximately Gorenstein if it satisfies the following equivalent conditions:
(i) For every integer N > 0, there is an ideal I ⊆ mN such that R/I is Gorenstein.
(ii) For every integer N > 0, there is an m-primary irreducible ideal I ⊆ mN .
We say a Noetherian ring R (not necessarily local) is approximately Gorenstein if Rm is an
approximately Gorenstein local ring for all maximal ideals m.
Remark 2.2.5.
(1) The key point is that if R is approximately Gorenstein, then a ring homomorphism
R→ S is pure if and only if it is cyclically pure [Hoc77, Theorem 2.6].
(2) If (R,m) is Noetherian local, then for every ideal I ⊆ mN such that R/I is Goren-
stein, there exists an m-primary ideal J such that I ⊆ J ⊆ mN and R/J is Goren-
stein. Namely, if x1, . . . , xk ∈ R such that their images in R/I form a system of
parameters of R/I , then one can take J = I + (xN1 , . . . , x
N
k ). Note that J is irre-
ducible because the zero ideal of a zero-dimensional Gorenstein ring is irreducible.
The next lemma is a crucial in our proofs of Theorems A, B and C, and establishes a
connection between approximately Gorenstein rings and splinters. Although the result is
essentially contained in [Hoc77], we include a proof for the reader’s convenience.
Lemma 2.2.6. [Hoc77] Let (R,m) be a Noetherian normal local ring. Then for any ring
map R→ S, the following are equivalent:
(1) R→ S is pure.
(2) R→ S is cyclically pure.
(3) For all m-primary ideals I of R, the induced map R/I → S/IS is injective.
(4) There exists a decreasing sequence {It}t∈N of m-primary ideals of R cofinal with
powers of m such that for all t, R/It is a Gorenstein ring, and the induced map
R/It → S/ItS is injective.
In particular, if R is a splinter, then it satisfies the equivalent conditions (1)− (4).
Proof. The implications (1) ⇒ (2) ⇒ (3) follow by the definitions of purity and cyclic
purity. For (3) ⇒ (4) we need to construct a decreasing sequence {It} of m-primary ideals
cofinal with powers of m such that each R/It is Gorenstein. For this, it suffices to show
by Remark 2.2.5 that a Noetherian normal local ring is approximately Gorenstein. We may
assume that dim(R) ≥ 2. Otherwise R is a regular local ring, and regular local rings are
clearly approximately Gorenstein. If dim(R) ≥ 2 and R is normal, then R has depth ≥ 2.
Hence the depth of the completion R̂ is also ≥ 2, and so, R is approximately Gorenstein by
[Hoc77, Theorem (5.2)] because R̂ has no associated primes of coheight ≤ 1.
It remains to show (4) ⇒ (1). Let E = ER(R/m) be the injective hull of the residue
field of R. Recall that by Matlis duality, R → S is pure if and only if the induced map
E → E ⊗R S is injective [HH95, Lemma 2.1(e)]. Since every element of E is annihilated
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by a power of m, it follows by the hypotheses on the collection {It} that
E =
⋃
t
(0 :E It).
Now (0 :E It) ∼= HomR(R/It, E) is an injective R/It-module by Hom–⊗ adjunction. One
then checks that (0 :E It) is in fact the injective hull of the residue field of R/It, and hence
coincides with the latter zero-dimensional Gorenstein local ring [ILL+07, Theorem A.29].
Thus E is the union of R-modules isomorphic to R/It, and injectivity of E → E ⊗R S then
follows because for every t, R/It → S/ItS is injective by the hypothesis of (4). 
Remark 2.2.7. Lemma 2.2.6 is only stated for a Noetherian normal ring, although its proof
holds for any approximately Gorenstein ring. Apart from Noetherian normal rings, the class
of approximately Gorenstein rings includes Noetherian local rings that are analytically un-
ramified, excellent reduced rings, and Noetherian rings of depth at least 2.
Lemma 2.2.6 can be used to show that splinters descend under cyclically pure maps.
Proposition 2.2.8. Let ϕ : R→ S be a map of Noetherian rings such that S is splinter.
(1) If ϕ is pure, then R is a splinter. In particular, splinters descend under faithfully flat
maps.
(2) If ϕ is cyclically pure and maps nonzerodivisors of R to nonzerdivisors of S (for
example, if S is a domain or ϕ is flat), then R is a splinter.
Proof. Note that in both cases R is reduced since S is reduced and ϕ is injective. Assertion
(2) follows from (1). Indeed, we claim that the hypotheses of (2) imply that ϕ is pure. This
follows by Lemma 2.2.6 if we can show that R is normal. Since R is Noetherian, it suffices
for us to show that it is integrally closed in its total quotient ring [Sta19, Tag 030C]. Note that
S is normal since S is a splinter (Lemma 2.1.1). Let a/b be an element in the total quotient
ring of R (hence b is a nonzerodivisor) that is integral overR. Then ϕ(a)/ϕ(b) is an element
in the total quotient ring of S that is integral over S (ϕ(b) remains a nonzerodivisor in S).
Therefore aS ⊆ bS since S is normal, and so, aR = aS ∩ R ⊆ bS ∩ R = bR by cyclic
purity of ϕ. This shows a/b ∈ R, and so, R is normal.
For the proof of (1), let R → T be a finite map such that the induced map Spec(T ) →
Spec(R) is surjective. By base change, S → T ⊗R S has the same properties (a sur-
jective morphism of schemes is ‘universally surjective’ by [EGAI, Chapter 1, Proposition
(3.5.2)(ii)]). Therefore, the map
S → T ⊗R S
splits in the category of S-modules. In particular, S → T ⊗R S is a pure map of S-modules
(hence also R-modules). Consider the commutative diagram
R S
T T ⊗R S
ϕ
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Since the composition R
ϕ
−→ S → S ⊗R T is pure as a map of R-modules, it follows
that R → T is also pure. But coker(R → T ) is a finitely presented R-module since R is
Noetherian and R→ T is finite, and so, R→ T splits by Lemma 2.2.3. 
2.3. Absolute integral closure and splinters. Recall that ifR is a domain, then its absolute
integral closure, denoted R+, is the integral closure of R in a fixed algebraic closure of
its fraction field. Absolute integral closures allow one to verify the splinter condition by
checking cyclic purity of a single map, as highlighted in the following result.
Lemma 2.3.1. Let R be a Noetherian domain. Then R is a splinter if and only if the map
R→ R+ is cyclically pure.
Proof. Suppose R is a splinter. The map R→ R+ is a filtered colimit of extensions of form
R →֒ T , where T is a finitely generatedR-subalgebra ofR+. But T is then a finiteR-module
(since it is integral over R), and so, R →֒ T splits. Since a filtered colimit of split maps is
pure [HH95, Lemma 2.1(i)], we see that R→ R+ is cyclically pure.
Conversely, suppose R → R+ is cyclically pure. Because R+ is integrally closed in its
fraction field, the same reasoning as in the proof of Proposition 2.2.8(2) implies that R is
normal. Thus, R → R+ is pure by Lemma 2.2.6. Let R → S be a module finite ring map
that is surjective on Spec, and p ∈ Spec(S) be a prime ideal that contracts to (0) ∈ Spec(R).
Then R →֒ S/p is module finite extension of domains, and hence, S/p embeds in R+. As
the composition R →֒ S/p →֒ R+ is pure, so is R →֒ S/p. But then R →֒ S/p splits by
Lemma 2.2.3, which shows that R→ S also splits. 
2.4. Connection with F -singularities. Splinters have long been known to be related to
singularities in prime characteristic defined via the Frobenius map. This connection will be
important in our analysis of how splinters behave under completions (see Example 3.2.1).
Hence we briefly recall some relevant definitions.
If I is an ideal of a Noetherian domain R of prime characteristic p > 0, then the tight
closure of I , denoted I∗, is the collection of elements r ∈ R for which there exists a nonzero
c ∈ R such that crp
e
∈ I [p
e], for all e ≫ 0. Here I [p
e] denotes the ideal generated by pe-th
powers of elements of I . We say that R is weakly F -regular if all ideals of R are tightly
closed, that is, I∗ = I , for any ideal I of R. We say an ideal I of R is a parameter ideal if
I is generated by elements r1, . . . , rn ∈ I such that for any prime ideal p of R that contains
I , the images of ri in Rp form part of a system of parameters of Rp. We say R is F -rational
if every parameter ideal of R is tightly closed. Thus, weakly F -regular rings are F -rational,
and the converse holds when R is Gorenstein [HH94(a), Corollary 4.7].
The connections between splinters and F -singularities are summarized below.
Remark 2.4.1.
(1) If R is a splinter of prime characteristic, then the Frobenius map is pure, that is, R
is F -pure. More generally, any integral map R → S which is surjective on Spec is
pure. If R is in addition local, then purity of Frobenius implies that the completion
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R̂ is reduced, that is, R is formally reduced. Note that local splinters in equal charac-
teristic 0 need not be formally reduced because there exist Noetherian normal local
rings which are not formally reduced [Nag55].
(2) If R is a weakly F -regular domain, then R is a splinter. Indeed, for any ideal I of R,
IR+ ∩ R = I because
IR+ ∩R ⊆ I∗ = I, (2.4.1.1)
where the containment in (2.4.1.1) follows by [HH94(b), Corollary 5.23]. This shows
that R→ R+ is cyclically pure, and so, R is a splinter by Lemma 2.3.1.
(3) Lemma 2.3.1 combined with Hochster and Huneke’s famous characterization of R+
being a big Cohen-Macaulay algebra [HH92, Theorem 5.15] can be used to deduce
that a locally excellent1 Noetherian splinter of prime characteristic is always Cohen-
Macaulay. Since splinters in equal characteristic 0 are equivalent to normal rings, it
follows that splinters are not always Cohen-Macaulay in general.
(4) Smith showed that if R is a locally excellent Noetherian domain of prime character-
istic, then for any parameter ideal I of R, I∗ = IR+ ∩ R [Smi94, Theorem 5.1].
Thus, all parameter ideals of a locally excellent splinter domain R of prime charac-
teristic are tightly closed (IR+ ∩ R = I by cyclic purity of R → R+), that is, R is
F -rational. F -rationality is the prime characteristic analogue of the characteristic 0
notion of rational singularities, and the latter are derived splinters [Kov00]. However,
F -rational singularities need not be (derived) splinters because there exist F -rational
section rings of P1 for which the Frobenius map is not pure [Wat91, Example 4.4].
3. PROOFS OF THE MAIN THEOREMS
The goal of this section is to prove Theorems A, B and C. Since the proof of Theorem A
uses Theorem B, we prove the latter result first.
3.1. Henselization of a splinter. The henselization of a local ring is constructed as a filtered
colimit of certain essentially étale R-algebras, so we briefly review the notion of essentially
étale maps first.
A local homomorphism of local rings (not necessarily Noetherian)
ϕ : (R,m)→ (S, n)
is an étale homomorphism of local rings ifϕ is flat, S is the localization of a finitely presented
R-algebra, mS = n and the induced map κ(m) →֒ κ(n) is finite separable. A homorphism
ϕ : R → S of rings (not necessarily local) is étale at q ∈ Spec(S) if the induced map
Rϕ−1(q) → Sq is an étale homomorphism of local rings. We say ϕ is essentially étale (resp.
étale) if S is the localization of a finitely presented (resp. is a finitely presented) R-algebra
and ϕ is étale at all q ∈ Spec(S). In particular, essentially étale maps are flat.
Remark 3.1.1. If ϕ : (R,m) → (S, n) is an étale homomorphism of local rings, choose
a finitely presented R-algebra S ′ such that S is the localization of S ′ at a prime ideal q of
S ′. Since the locus of primes of Spec(S ′) at which Spec(S ′) → Spec(R) is étale is open,
1A Noetherian ring R is locally excellent if for all maximal ideals m of R, Rm is excellent.
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we may assume that S ′ an étale R-algebra. The upshot is that any étale homomorphism of
local rings is the localization of an honest étale map which can even be chosen to be standard
étale [Sta19, Tag 00UE]. In other words, an étale homomorphism of local rings is essentially
étale. We will frequently use this observation in the sequel.
Let (R,m) be a local ring (not necessarily Noetherian), and let Rh denote its henseliza-
tion. Recall that Rh is realized as a filtered colimit of étale homomorphisms of local rings
(R,m) →֒ (S, n) such that κ(m)
∼
−→ κ(n) [Ray70, Chapter VIII, Théorème 1]. For a choice
of a separable algebraic closure κ(m)sep of the residue field κ(m) of R, one also has the
strict henselization Rsh of R which is a filtered colimit of étale homomorphisms of local
rings (R,m) →֒ (S, n) such that κ(m) ⊆ κ(n) ⊆ κ(m)sep [Ray70, Chapter VIII, Théorème
2]. It follows that if R is reduced, regular, normal, Cohen-Macaulay or Gorenstein, then so
are Rh and Rsh (see [Sta19, Tag 07QL]). Additionally, the associated local maps
R→ Rh → Rsh
are always faithfully flat [Sta19, Tag 07QM].
When (R,m) is Noetherian local, the completion of Rh at its maximal ideal mRh coin-
cides with R̂, that is, the induced map R̂ → R̂h on completions is an isomorphism [Sta19,
Tag 06LJ]. This implies the following relation between m-primary ideals of R and mRh-
primary (resp. mR̂-primary) ideals of Rh (resp. R̂).
Lemma 3.1.2. Let ϕ : (R,m) → (S, n) be a local homomorphism of Noetherian local
rings such that the induced map on completions R̂ → Ŝ is an isomorphism (for example, if
S = Rh, R̂). Then expansion and contraction of ideals via ϕ induces a bijection between
m-primary ideals of R and n-primary ideals of S.
Proof. Our hypothesis implies that the composition R
ϕ
−→ S → Ŝ coincides, up to isomor-
phism, with the completion R → R̂ which is faithfully flat. In particular, ϕ is a pure map,
which implies that expansion of ideals gives an injective map from the collection of ideals
of R to the collection of ideals of S. Thus, to prove the lemma, it remains to show that any
n-primary ideal of S is the expansion of an m-primary ideal of R.
Now because (mS)Ŝ = (mR̂)Ŝ = nŜ, faithful flatness of S → Ŝ shows that mS = n.
Tensoring the isomorphism R̂
∼
−→ Ŝ by R/mn then implies that for all n ≥ 1, we have
R/mn
∼
−→ R̂/mnR̂
∼
−→ Ŝ/mnŜ
∼
−→ S/nn.
Let I be an n-primary ideal of S, and choose n ≥ 1 such that nn ⊆ I . If I is the image
of I in S/nn, then by the isomorphism R/mn
∼
−→ S/nn, there exist r1, . . . , rm ∈ R whose
images in S/nn generate the ideal I . Then I is the expansion of the m-primary ideal mn +
(r1, . . . , rm). 
Remarks 3.1.3.
(1) Lemma 3.1.2 does not hold if S = Rsh is the strict henselization of R, since in this
case the maps R/mn → Rsh/mnRsh are no longer isomorphisms.
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(2) In the statement of Lemma 3.1.2, if the induced map R̂ → Ŝ is surjective, then
every n-primary ideal of S is the expansion of an m-primary ideal of R. However,
uniqueness is lost.
The goal in the rest of this subsection is to show that the splinter condition is preserved
under henselization (Theorem B). But first, we establish an ideal theoretic result inspired by
[Smi94, Proposition 5.10]. Smith’s result is proved under excellence hypothesis and deals
with the completion of Noetherian local rings. Surprisingly, it turns out that an analogue of
her result holds for henzelizations of arbitrary non-Noetherian normal local domains. Thus
we carefully prove the result we need, which should be of independent interest.
Proposition 3.1.4 (c.f. [Smi94, Proposition 5.10]). Let (R,m) be a normal local domain (not
necessarily Noetherian), and let Rh andRsh denote its henselization and strict henselization
respectively. Then we have the following:
(1) Rh (resp. Rsh) is a normal domain.
(2) If I is an ideal of R, then I(Rh)+ ∩ R = IR+ ∩ R = I(Rsh)+ ∩ R.
Proof. (1) The fact that Rh and Rsh are normal local domains is a consequence of the ascent
of normality under étale maps [Sta19, Tag 06DI].
(2) Since (Rh)+ and (Rsh)+ are R+-algebras, IR+ ∩ R is contained in I(Rh)+ ∩ R and
IRsh ∩ R. Let z ∈ I(Rh)+ ∩ R (resp. z ∈ I(Rsh)+ ∩ R). Then there exists a module
finite extension domain T of Rh (resp. of Rsh) contained in (Rh)+ (resp. (Rsh)+) such that
z ∈ IT . Let i1, . . . , in ∈ I and t1, . . . , tn ∈ T such that
z = i1t1 + · · ·+ intn.
Note that the ti are integral over Rh (resp. Rsh). Since Rh (resp. Rsh) is a filtered colimit of
étale local R-algebras, there exists an étale homomorphism of local rings (R,m) →֒ (S, n)
such that S ⊆ Rh (resp. S ⊆ Rsh) and t1, . . . , tn are integral over S.
By Remark 3.1.1, choose an étale R-algebra S ′ such that S is the localization of S ′ at
a prime ideal q of S ′. Since R is a normal domain and R → S ′ is étale, S ′ is a normal
ring by [Sta19, Tag 033C]. Moreover, S ′ has only finitely many minimal primes because all
minimal primes of S ′ must contract to (0) in R by going down [Sta19, Tag 00HS], and the
generic fiber of R → S ′ is a finite product of finite separable field extensions of Frac(R).
In particular, S ′ decomposes as a finite product of normal domains by [Sta19, Tag 030C],
and since S is the localization of one these factors, we may assume S ′ is a domain. Thus,
S ′ ⊆ S ⊆ T . Furthermore, after localizing S ′ at a suitable element not in q, we may also
assume t1, . . . , tn are integral over S ′. Let T ′ be the S ′-subalgebra S ′[t1, . . . , tn] of T . Then
T ′ is a module-finite extension domain of S ′ by construction, and
z ∈ IT ′ ∩R.
Note that T ′ is not necessarily an integral extension of R (otherwise we would be done).
However, the compositionR→ S ′ → T ′ is quasi-finite since étale and finite maps are quasi-
finite [Sta19, Tag 00U5 and Tag 00PM] and the composition of quasi-finite maps is quasi-
finite [Sta19, Tag 00PO]. Moreover, the induced map Spec(T ′) → Spec(R) is surjective
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because R → S ′ is faithfully flat (it is étale, (R,m) is local and q lies over m) and S ′ → T ′
is a finite extension. Then z ∈ IR+ ∩R using the following Lemma which makes no further
use of the henselian property.
Lemma 3.1.5. Let R →֒ S be a quasi-finite extension of domains (not necessarily Noether-
ian) such that the induced map on Spec is surjective. Suppose also thatR is integrally closed
in its fraction field, that is, R is normal. Then we have the following:
(1) S can be identified as a subring of Frac(R+).
(2) With the identification from (1), if I is an ideal of R and z ∈ S such that z ∈ IS∩R,
then z ∈ IR+ ∩ R.
(3) With the identification from (1), if I is an ideal of R, then IS+ ∩R = IR+ ∩R.
Recall that a finite type map ϕ : R → S is quasi-finite at q ∈ Spec(S), if q is isolated in
its fibre. We say ϕ is quasi-finite if it is quasi-finite at all q ∈ Spec(S) [Sta19, Tag 00PL],
or equivalently, if ϕ has finite fibers [Sta19, Tag 00PM]. Finite, unramified and étale maps
are quasi-finite. Quasi-finite maps are ‘close’ to being finite by Zariski’s Main Theorem –
if R → S is quasi-finite at q ∈ Spec(S) and S is the integral closure of R in S, then there
exists g ∈ S such that g /∈ q and Sg
∼
−→ Sg [Sta19, Tag 00Q9]. Since Sg is of finite type over
R, it is then easy to see that Sg = Tg, for an R-subalgebra T ⊆ S such that R→ T is finite.
Proof of Lemma 3.1.5. We first prove (1) and (2). Note that once S is identified as a subring
of Frac(R+), (2) will follow if we can show that for each prime ideal P of R+,
z ∈ (IR+)R+P = IR
+
P.
Choose any P ∈ Spec(R+), and let p := P ∩ R. Let S denote the integral closure of R in
S, and q be a prime ideal of S such that
q ∩R = p.
Such a prime exists because R →֒ S is surjective on Spec. Then by Zariski’s Main Theorem
[Sta19, Tag 00Q9], there exists g ∈ S, g /∈ q and an isomorphism
Sg
∼
−→ Sg.
This implies Frac(S) = Frac(S), and so, Frac(S) is an algebraic extension of Frac(R). In
particular, we may identify Frac(S), hence also S and S, as subrings of Frac(R+), which
proves (1).
With the identification from (1), we have R ⊆ S ⊆ R+. Thus, S ⊆ R+ is also an integral
extension, and consequently,
Sg = Sg ⊆ R
+
g
is an integral extension as well. Let Q be a prime ideal of R+ not containing g such that
QR+g lies over qSg. Since q contracts to p in R by our choice of q, it follows thatQ also lies
over p in R. Moreover, z ∈ IS ∩ R implies
z ∈ ISg ⊆ IR
+
g ⊆ IR
+
Q.
As R is integrally closed in Frac(R) and Frac(R+)/Frac(R) is a normal algebraic field
extension, the elements of Aut(Frac(R+)/Frac(R)) (which induce automorphisms of R+
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over R) act transitively on the prime ideals of R+ that lie over p [Bou89, Chapter V, §2.3,
Proposition 6(i)]2. Since Q and P are prime ideals of R+ that both lie over p and z ∈ R by
the hypothesis of (2), we then get
z ∈ IR+Q ⇒ z ∈ IR
+
P.
However, P is an arbitrary prime ideal of R+, and so, z ∈ IR+, hence also z ∈ IR+ ∩ R,
proving (2).
(3) The non-trivial inclusion is IS+ ∩ R ⊆ IR+ ∩ R. Suppose z ∈ IS+ ∩ R. Since
S+ is a union of module-finite S-subalgebras, there exists a module-finite extension T of
S contained in S+, such that z ∈ IT ∩ R. However, the composition R →֒ S →֒ T
is quasi-finite since R →֒ S and S →֒ T are quasi-finite. Moreover, the induced map
Spec(T )→ Spec(R) remains surjective. Then z ∈ IT ∩R implies z ∈ IR+∩R by (2). 
Armed with Proposition 3.1.4, the proof of Theorem B is now a formal exercise.
Proof of Theorem B. If Rh is a splinter, then by descent of splinters along the faithfully flat
map R→ Rh (Lemma 2.2.8), it follows that R is a splinter. We now show the converse, that
is, we show that if a Noetherian local ring (R,m) is a splinter, then Rh is a splinter. Since R
is normal (see Lemma 2.1.1), Rh is normal. To show that Rh is a splinter, it then suffices to
show by Lemma 2.3.1 that the map
Rh → (Rh)+
is cyclically pure. By normality ofRh, purity of the mapRh → (Rh)+ will follow by Lemma
2.2.6 if we can show that for every mRh-primary ideal I of Rh, the induced map
Rh/I → (Rh)+/I(Rh)+
is injective.
Therefore, let I be an mRh-primary ideal. By Lemma 3.1.2, there exists a unique m-
primary ideal J of R such that
I = JRh.
We then have
(I(Rh)+ ∩Rh) ∩ R = J(Rh)+ ∩ R = JR+ ∩R = J. (3.1.5.1)
where the first equality is obvious, the second equality follows from Proposition 3.1.4, and
the third equality follows from cyclic purity of R → R+ because R is a splinter (Lemma
2.3.1). Observe that the ideal
I(Rh)+ ∩Rh
is mRh-primary. Indeed, I(Rh)+ ∩ Rh contains the mRh-primary ideal I , and it is also
contained in mRh because J 6= R. The upshot of this observation is that I(Rh)+ ∩Rh must
also be expanded from a unique m-primary ideal J ′ of R. Then uniqueness and (3.1.5.1)
forces J ′ = J . Thus, I(Rh)+ ∩ Rh = JRh = I , which is equivalent to the injectivity of
Rh/I → (Rh)+/I(Rh)+. This completes the proof. 
2Bourbaki uses the term quasi-Galois extension in [Bou89, Chapter V, §2.3, Proposition 6] as a synonym for a
normal algebraic field extension. See the footnote on [Bou89, Pg. 331] as well as [Bou03, Chapter V, §9, no.
3, Definition 2].
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Remark 3.1.6. Theorem B immediately implies a special case of Theorem A, namely that if
(R,m) →֒ (S, n) is an étale homomorphism of Noetherian local rings such that the induced
map on residue fields is an isomorphism, then R is a splinter if and only if S is a splinter. In
this case the henselization of (S, n) is also Rh and hence there is a faithfully flat local map
S → Rh = Sh. Since Rh is a splinter if R is by Theorem B, S is a splinter by descent of
splinters along faithfully flat maps (Proposition 2.2.8).
As far as we are aware, it is not known whether the henselization of an arbitrary weakly
F -regular Noetherian local ring of prime characteristic p > 0 is weakly F -regular. The
best known result, due to Hochster and Huneke, is that weak F -regularity is preserved under
henselization for localG-rings [HH94(a), Theorem (7.24)]. Recall that we a say a Noetherian
ringR, not necessarily local, is aG-ring if for all maximal idealsm ofR, the formal fibers of
Rm are geometrically regular (c.f. Remark 3.2.3). At first glance, [HH94(a), Theorem (7.24)]
implies the seemingly more general statement that weak F -regularity of a Noetherian local
ring (R,m) is preserved under henselization if Rh is a G-ring and the singular locus of Rh
is closed. However, Rh is a G-ring if and only if R is a G-ring [Gre76, Theorem 5.3], and
the singular locus of a local G-ring is always closed [ILO14, Exposé I, Proposition 5.5.1].
Thus, the requirement for the singular locus of the target to be closed is unnecessary in the
statement of [HH94(a), Theorem (7.24)], and the best known result is indeed the one stated
above.
Nevertheless, Theorem B has the following consequence for arbitrary weakly F -regular
local rings.
Corollary 3.1.7. Let (R,m) be a Noetherian local ring of prime characteristic p > 0. If R
is weakly F -regular (i.e. all ideals are tightly closed), then Rh is a splinter.
Proof. Weakly F -regular local rings are splinters (Remark 2.4.1(2)). Now apply Theorem
B. 
3.2. Completion of a splinter. We want to show that if (R,m) is a G-ring, then R̂ is also a
splinter. Before we prove this result, we give an example that illustrates that the completion
of a local splinter may not be always be a splinter, even for rings with very mild singularities.
Our example comes from the theory of F -singularities summarized in Subsection 2.4.
Example 3.2.1. Let (R,m) be a Noetherian local ring of prime characteristic p > 0. It is
well-known that ifR is Gorenstein, thenR is weakly F -regular if and only ifR is F -rational
[HH94(a), Corollary 4.7]. Loepp and Rotthaus construct an example of a non-excellent
Gorenstein local domain (R,m) which is weakly F -regular (equivalently F -rational), but
whose completion is not weakly F -regular (equivalently F -rational) [LR01, Section 5].
However, any weakly F -regular domain of prime characteristic is a splinter (Remark 2.4.1(2)).
Thus, Loepp and Rotthaus’s construction gives a Gorenstein local splinter domain, whose
completion is not F -rational. Since R̂ is excellent, if it is a splinter, then it will also be
F -rational by Remark 2.4.1(4), which shows that R̂ cannot be a splinter.
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The main technical result used in the proof of Theorem C is [Smi94, Proposition 5.10],
which is the analogue for completion of Proposition 3.1.4. We need the following minor
generalization of Smith’s result.
Proposition 3.2.2 (c.f. [Smi94, Proposition 5.10]). Suppose (R,m) is a Noetherian normal
local ring, and let R̂ denote the completion of R. If R is a G-ring, then for any ideal I of R,
I(R̂)+ ∩R = IR+ ∩R = I(Rh)+ ∩ R.
Proof. Recall that we have a chain of faithfully flat maps R→ Rh → R̂, and R̂ is the mRh-
adic completion ofRh. Since R is aG-ring, so is its henselizationRh [Gre76, Theorem 5.3].
Moreover, a Henselian G-ring is excellent [ILO14, Exposé 1, Corollaire 6.3(ii)], and so, Rh
is an excellent, normal local domain. Therefore, R̂ = R̂h is also normal.
Let I be an ideal of R. The equality
IR+ ∩ R = I(Rh)+ ∩ R
follows from Proposition 3.1.4. By the discussion in the previous paragraph, applying
[Smi94, Proposition 5.10] to the map of normal excellent local rings Rh → R̂h = R̂, we get
I(Rh)+ ∩Rh = I(R̂)+ ∩ Rh. (3.2.2.1)
Intersecting (3.2.2.1) with R then gives us
IR+ ∩R = I(Rh)+ ∩R = (I(Rh)+ ∩Rh) ∩R
(3.2.2.1)
= (I(R̂)+ ∩ Rh) ∩R = I(R̂)+ ∩R,
which completes the proof of the proposition. 
Remark 3.2.3. The proof of Proposition 3.2.2 uses that if (R,m) is a Noetherian local G
ring, thenRh is excellent. The converse is also true. Namely, if Rh is excellent, then R→ R̂
is regular. To see this, note that R → R̂ factors as R → Rh → R̂, and R̂ is also the
completion of Rh. Thus R → R̂ is regular because R → Rh is regular [Sta19, Tag 07QQ],
Rh → R̂ is regular by excellence of Rh, and the composition of regular maps of Noetherian
rings is regular [Sta19, Tag 07QI].
We can now prove Theorem C.
Proof of Theorem C. Again, by faithfully flat descent of the splinter property, the non-trivial
implication is to show that if (R,m) is a G-ring which is a splinter, then R̂ is also a splinter.
So suppose R is a splinter. By Lemma 2.1.1, R is a normal domain. The proof that R̂
is a splinter is now a formal consequence of Proposition 3.2.2 and Lemma 3.1.2, with the
argument proceeding in the same manner as in the proof of Theorem B, upon replacing Rh
by R̂ and (Rh)+ by (R̂)+. Thus, the details are omitted. 
Theorem C allows us to generalize results on excellent local splinters in prime character-
istic to splinters that are G-rings.
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Corollary 3.2.4. Let (R,m) be a Noetherian local G-ring of prime characteristic. If R is a
splinter, then we have the following:
(1) R is Cohen–Macaulay.
(2) If R is also Gorenstein, then R is weakly F -regular, and hence F -rational.
Proof. (1) Since R̂ is an excellent local splinter, it is Cohen–Macaulay by Remark 2.4.1(3).
Thus, R is also Cohen–Macaulay.
(2) Since R̂ is an excellent splinter, it is F -rational by Remark 2.4.1(4). However, a
Gorenstein F -rational local ring is weakly F -regular [HH94(a), Corollary 4.7]. Thus R̂ is
weakly F -regular, and since weak F -regularity descends under faithfully flat maps [HH90,
Proposition 4.12], it follows that R is weakly F -regular. Consequently, R is also F -rational.

Remark 3.2.5. Since the completion of a regular local ring is always regular, the direct
summand theorem shows that the completion of a regular local ring is always a splinter,
even though it is not difficult to construct regular local rings whose formal fibers are not
geometrically regular. Thus, while G-rings are sufficient for the splinter property to ascend
under completions, they are by no means necessary.
3.3. Étale ascent. To prove the ascent of the splinter property under essentially étale maps
(Theorem A), we will reduce to the finite étale case. For the reduction, we need the fol-
lowing result which is well-known to experts. However, a proof is included for the sake of
completeness.
Lemma 3.3.1. Let ϕ : (R,m) → (S, n) be a local homomorphism of local rings (not nec-
essarily Noetherian). Suppose S is the localization of a finite type R-algebra S ′ at a prime
ideal q such that R→ S ′ is quasi-finite at q. Then the induced map ϕh : Rh → Sh is finite.
In particular, ifϕ : (R,m)→ (S, n) is an étale homomorphism of local rings, thenϕh : Rh →
Sh is a finite étale map.
Proof. Note that q lies over m because n lies over m. Since the locus of primes of Spec(S ′)
at which Spec(S ′) → Spec(R) is quasi-finite is open [Sta19, Tag 00QA], we may assume
R → S ′ is quasi-finite. Then by base change, Rh → Rh ⊗R S ′ is also quasi-finite [Sta19,
Tag 00PP, part (3)]. Note that
(Rh ⊗R S
′)⊗S′ κ(q) = (R
h ⊗R κ(m))⊗κ(m) κ(q) = κ(q).
Hence the expansion of q in Rh ⊗R S = (Rh ⊗R S ′) ⊗S′ S ′q is a prime ideal of R
h ⊗R S,
which implies by [Sta19, Tag 05WP] that
Sh = (Rh ⊗R S)q(Rh⊗RS).
LetQ be the contraction of the maximal ideal of Sh toRh⊗RS ′. It is clear thatQ lies over
the maximal ideal mRh of Rh. Since Rh is Henselian and Rh → Rh ⊗R S ′ is quasi-finite,
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[BLR90, §2.3, Proposition 4(e)] (see also [Sta19, Tag 04GG, part (13)]) shows that we can
choose f /∈ Q such that
(Rh ⊗R S
′)f
is a finite Rh-algebra, which consequently decomposes as a finite product of Rh-module
finite Henselian local rings [Sta19, Tag 04GG, part (10) and Tag 04GH]. Since Q lies over
the maximal ideal mRh of Rh, the prime xideal Q(Rh ⊗R S ′)f is maximal in (Rh ⊗R S ′)f
by module finiteness ofRh → (Rh⊗R S ′)f . Thus, Sh = (Rh⊗R S)q(Rh⊗RS) = (R
h⊗R S
′)Q
coincides with one of theRh-module-finite factors of (Rh⊗RS ′)f , proving the first assertion.
If ϕ is an étale homomorphism of local rings, we may assume that S ′ is an étale R-
algebra. Then Sh is a localization of the étale Rh-algebra Rh ⊗R S ′, and so ϕh is an étale
homomorphism of local rings which is finite by what we proved above because étale maps
are quasi-finite [Sta19, Tag 00U5]. 
Remark 3.3.2. The analogue of Lemma 3.3.1 also holds when we replace ‘henselizations’
by ‘completions’ in the Noetherian setting, i.e., if (R,m) → (S, n) is an étale (even un-
ramified) homomorphism of Noetherian local rings, then the induced map on completions
R̂m → Ŝn is module-finite. This fact is easier to prove [Sta19, Tag 039H, part (1)].
We finally have all the tools in our arsenal to prove Theorem A.
Proof of Theorem A. Let ϕ : R → S be an essentially étale homomorphism of Noetherian
rings such that R is a splinter. We want to show that S is a splinter. Let q be a prime ideal of
S. By Lemma 2.1.3, it suffices to show Sq is a splinter. Replacing ϕ : R→ S by the induced
map Rϕ−1(q) → Sq, we may assume R = (R,m) and S = (S, n) are local, and ϕ is an étale
local homomorphism of Noetherian local rings. Consider the commutative diagram
R S
Rh Sh
ϕ
ϕh
,
where the vertical maps are faithfully flat (hence pure) and ϕh is finite étale by Lemma 3.3.1.
Note that Rh is a splinter by Theorem B, and so, to show that S is a splinter, it is enough to
show Sh is a splinter by faithfully flat descent (see Lemma 2.3.1).
Thus, we reduce the proof of Theorem A to the case where ϕ : (R,m)→ (S, n) is a finite
étale local homomorphism of Noetherian local rings. In particular, ϕ induces a surjective
map on Spec since it is faithfully flat. Let φ : S → T be a finite map such that the induced
map on Spec is surjective. In order to show that φ splits, it suffices to exhibit an S-linear
map T → S that maps 1 ∈ T to a unit in S.
The composition R
ϕ
−→ S
φ
−→ T is a finite map and Spec(φ ◦ ϕ) is surjective. Thus, since
R is a splinter, there exists an R-linear map
g : T → R
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such that g(1) = 1. The retraction g induces an S-linear map
Ψg : T → HomR(S,R)
defined as follows: for all t ∈ T and s ∈ S,
Ψg(t)(s) := g(φ(s)t).
We then have a commutative diagram
T HomR(S,R)
R
Ψg
g
ev1
where the vertical map is evaluation at 1. Now by Grothendieck duality for a proper smooth
map [Har66, Chapter VII, Theorem 4.1] applied to the finite étale map ϕ, we have isomor-
phisms of S-modules
HomR(S,R) = HomR(ϕ∗S,R) ∼= ϕ∗(HomS(S, ϕ
!R)) = HomS(S, ϕ
!R).
Moreover, since ϕ is étale, we know that the functor ϕ! coincides with the pullback functor
ϕ∗ because the relative canonical bundle of an étale map is trivial (see the definition of f ! for
a smooth map given on [Har66, Chapter VII, §4, Pg 388]). Thus, we have isomorphisms of
S-modules
HomR(S,R) ∼= HomS(S, ϕ
!R) ∼= HomS(S, ϕ
∗R) = HomS(S, S) ∼= S.
In particular, we then get a commutative diagram
T S
R
Ψ˜g
g
e˜v1
where Ψ˜g is S-linear and e˜v1 is R-linear. We claim that
Ψ˜g(1) /∈ n.
Indeed, if Ψ˜g(1) ∈ n = mS, then by R-linearity of e˜v1, we get
1 = g(1) = e˜v1(Ψ˜g(1)) ∈ e˜v1(mS) ⊆ m,
which is a contradiction. Thus, Ψ˜g(1) /∈ n, which shows that Ψ˜g is an S-linear map that
sends 1 ∈ T to a unit in S. But this is precisely what we wanted to show. 
Corollary 3.3.3. Let (R,m) be a Noetherian local ring. Then R is a splinter if and only if
its strict henselization Rsh is a splinter.
Proof. If Rsh is a splinter, so too is R by faithfully flat descent. Recall that Rsh is a filtered
colimit of pairs (S, n), where (R,m) → (S, n) is an étale homomorphism of Noetherian
local rings and κ(n) is contained in a fixed choice of a separable algebraic closure of κ(m).
Let Rsh → T be a finite map such that the induced map Spec(T )→ Spec(Rsh) is surjective.
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Since T is a finitely presentedRsh-algebra, there exists a model TS of T over one of the pairs
(S, n) and a fibered square
Spec(T ) Spec(TS)
Spec(Rsh) Spec(S)
Note that the map (S, n)→ (Rsh,m) is faithfully flat sinceRsh is also the strict henselization
of S. Thus, by faithfully flat descent of finite generation [Bou89, Chapter 1, §3.6, Propo-
sition 11], we have that TS is a finitely generated S-module. Moreover, by commutativity
of the above diagram, Spec(TS) → Spec(S) is surjective. Since R is a splinter and S is an
essentially étale extension of R, Theorem A implies S is also a splinter. Therefore S → TS
splits, and so by base change, Rsh → T splits. 
Remark 3.3.4. Theorem A ⇒ Corollary 3.3.3, while faithfully flat descent of the splinter
property shows that Corollary 3.3.3⇒ Theorem B using the faithfully flat map Rh → Rsh.
Thus, Theorem A implies Theorem B. Since Theorem A is deduced as a consequence of
Theorem B, this shows that Theorems A and B are equivalent.
The derived version of Theorem A also holds with some caveats.
Corollary 3.3.5. Let ϕ : (R,m) → (S, n) be an étale homomorphism of Noetherian local
rings such that R is a derived splinter.
(1) If R has prime characteristic p > 0 or has mixed characteristic, then S is a derived
splinter.
(2) If R is essentially of finite type over a field k of characteristic 0, then S is a derived
splinter.
Proof. Since ϕ is an étale homomorphism of local rings, R and S both have the same char-
acteristic.
(1) follows in prime characteristic p > 0 by [Bha12, Theorem 1.4] and Theorem A since
splinters and derived splinters coincide in prime characteristic. The same is true in mixed
characteristic by forthcoming work of Bhatt [Bha].
(2) Since R being a derived a splinter is equivalent to it having rational singularities
([Kov00] and [Bha12, Theorem 2.12]), it suffices for us to show that rational singulari-
ties ascend under an étale homomorphism of local rings. By definition of rational singu-
larities, there exists a proper birational map f : X → Spec(R) with X regular over k
such that OSpec(R) ≃ f∗(OX) and R
if∗(OX) = 0 for all i > 0. Then the base change
map fS : XS → Spec(S) is also proper birational. Moreover, XS is regular over k since
XS → X is an essentially étale morphism (it is a base change of the essentially étale map
Spec(S)→ Spec(R)) and since regularity ascends under essentially étale morphisms [Sta19,
Tag 025N]. Finally, by flat base change of higher direct images [Har77, Chapter 3, Proposi-
tion 9.3], we have
Ri(fS)∗(OXS) = Spec(ϕ)
∗Rif∗(OX),
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for all i ≥ 0. In particular, this implies
(fS)∗(OXs) = Spec(ϕ)
∗f∗(OX) ≃ Spec(ϕ)
∗OSpec(R) = OSpec(S),
and Ri(fS)∗(OXs) = 0, for i > 0. Thus, S has rational singularities, and consequently, it is
a derived splinter. 
Remark 3.3.6. Recently Kovács has generalized the notion of a rational singularity to ar-
bitrary characteristic for excellent normal Cohen–Macaulay schemes that admit a dualizing
complex [Kov18, Definition 1.3]. He shows that if X is such a scheme that is also a derived
splinter, then X has rational singularities in this more general sense [Kov18, Theorem 8.7].
In fact, X is also pseudorational in the sense of Lipman and Teissier [LT81] by [Kov18,
Corollary 9.14]. However, the converse is false, that is, a rational singularity is not always a
derived splinter. For example, in prime characteristic there exist finite type graded rings over
fields with rational singularities that are not F -rational [HW96, Example (2.11)]. Any such
ring cannot be a splinter by Remark 2.4.1(4), hence also not a derived splinter by [Bha12,
Theorem 1.4].
4. SOME OPEN QUESTIONS
We conclude this paper with some questions that we believe are open for splinters. The
first, is the generalization of Theorem A mentioned in the introduction:
Question 1: Suppose ϕ : R→ S is a flat homomorphism of Noetherian rings with geomet-
rically regular fibers. If R is a splinter, is S a splinter?
Remark 4.0.1.
(1) Question 1 reduces to the following special case –
Question 1′: If R is a splinter, is R[x] a splinter?
Indeed, if R → S is a regular map, then Néron-Popescu desingularization implies
that S can be written as a filtered colimit of smooth R-algebras [Pop90, Swa98].
Note, however, that the smooth R-algebras in the colimit are not necessarily R-
subalgebras of S. If S → T is a finite ring map that is surjective on Spec, then
by descent of properties of morphisms over projective limits of schemes [Sta19,
Tag 01ZM, Tag 01ZO and Tag 07RR], there exists a model TS′ of T over a smooth
R-algebra S ′ such that S ′ → TS′ is finite and induces a surjection on Spec. To get a
splitting of S → T it suffices to show that S ′ → TS′ splits. Therefore to answer Ques-
tion 1, we may assume R→ S is a smooth ring map. However, given q ∈ Spec(S),
in a suitable affine open neighborhood U of q, the map U → Spec(R) factors as an
étale map U → AnR followed by the canonical projection A
n
R → Spec(R) [BLR90,
Chapter 2, Remark 12]. Hence by Theorem A and induction on n, it further suffices
to show that a polynomial ring over a splinter remains a splinter.
(2) Question 1′ implies the direct summand theorem. In fact, a proof of the direct sum-
mand theorem follows if we can answer Question 1′ when R is an excellent and
Gorenstein. Indeed, by a reduction due to Hochster [Hoc83, Theorem (6.1)], it suf-
fices to prove that complete, unramified regular local rings are splinters. Any such
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regular local ring is of the form V [[x1, . . . , xn]], where V is a p-adically complete
(hence also excellent) DVR of mixed characteristic (0, p).
Consider the factorization
V → V [x1, . . . , xn](p,x1,...,xn)
(p,x1,...,xn)−adic completion
−−−−−−−−−−−−−−−→ V [[x1, . . . , xn]].
If we can show that V [x1, . . . , xn] is a splinter (which follows if Question 1′ is true),
then the localization V [x1, . . . , xn](p,x1,...,xn) is also a splinter (Lemma 2.1.3). But
V [x1, . . . , xn](p,x1,...,xn) is excellent because V is complete, and so, Theorem C will
then imply that its (p, x1, . . . , xn)-adic completion V [[x1, . . . , xn]] is also a splinter.
(3) Suppose R is a Gorenstein ring of prime characteristic p > 0 that is also a G-ring.
If R is a splinter, then so is R[x]. First note that R[x] is also a G-ring since the
property of being a G-ring is preserved under essentially finite type maps [EGAIVII,
Théorème (7.4.4)]. LetM be a maximal ideal of R[x] and p denote its contraction to
R. Since the splinter condition can be checked locally at the closed points (Lemma
2.1.1), it suffices to showR[x]M is a splinter. Note Rp is weakly F -regular by Corol-
lary 3.2.4 since Rp is a splinter and a G-ring. Moreover, the local homomorphism
Rp → R[x]M
is regular, R[x]M is a G-ring, and the singular locus of R[x]M is closed by [ILO14,
Exposé 1, Proposition 5.5.1(i)]. Thus, R[x]M is also weakly F -regular by [HH94(a),
Theorem (7.24)]. But a weakly F -regular ring is always a splinter by Remark
2.4.1(2), hence R[x]M is a splinter as desired.
IfR is a locally excellentQ-Gorenstein splinter of prime characteristic p > 0, then
R[x] is also a splinter. Indeed, R is then F -regular by [Sin99, Theorem 1.1] (i.e. all
localizations of R are weakly F -regular) and a G-ring since it is locally excellent.
Therefore, by the same reasoning as in the previous paragraph, R[x] is a splinter.
Question 2: Let R be an excellent ring. Is the locus of primes p ∈ Spec(R) such that Rp is
a splinter open?
If R is locally excellent, but not excellent, then Question 2 has a negative answer by the
following general result of Hochster:
Theorem 4.0.2. [Hoc73(b), Proposition 2] Let P be a property of Noetherian local rings.
Let k be an algebraically closed field, and let (R,m) be essentially of finite type over k such
that
(1) R is a domain,
(2) R/m = k, and
(3) for every field extension L/k, the ring (R⊗k L)m fails to satisfy P .
Additionally, suppose any field satisfiesP . For all n ∈ N, letRn be a copy ofR with maximal
ideal mn = m. Let R′ :=
⊗
n∈NRn, where the infinite tensor product is taken over k. Then
each mnR′ is a prime ideal of R′. Moreover, if S = R′ \ (
⋃
mmnR
′), then
T := S−1R′
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is a Noetherian domain whose locus of primes that satisfy P is not open in Spec(T ). Fur-
thermore, each local ring of T is essentially of finite type over k, hence T is locally excellent.
Example 4.0.3. Let P be the property of being a splinter. Note that all fields are splinters.
Let (R,m) be the local ring of a closed point of an algebraic variety over k = k such that such
that R is not a splinter (for example, choose a non-normal R). Then for any field extension
L/k, (R ⊗k L)m cannot be a splinter because (R ⊗k L)m is a faithfully flat extension of
R, and splinters descend under faithfully flat maps (Proposition 2.2.8). Thus, R satisfies
requirements (1) − (3) of Theorem 4.0.2, and so, the theorem gives us a locally-excellent
ring whose splinter locus is not open.
Question 3: Are derived splinters of mixed characteristic Cohen–Macaulay?
Question 3 is false in characteristic 0 if derived splinters are replaced by splinters, because
normal rings are not necessarily Cohen–Macaulay. As observed in Corollary 3.2.4, if R is a
Noetherian splinter of prime characteristic that is also a G-ring, then R is Cohen–Macaulay.
On the other hand, Question 3 seems to be completely open in mixed characteristic. One
cannot use Kovács’s characteristic independent definition of rational singularities to show
that derived splinters are Cohen–Macaulay because the Cohen–Macaulay property is built
into his definition [Kov18, Definition 1.3]. At least for rings possessing dualizing com-
plexes, one obstruction seems to be that we do not know whether Grauert-Riemenschneider
type vanishing theorems hold in mixed characteristic. Translated into a question about local
commutative algebra, Cohen–Macaulayness of local derived splinters (R,m) in mixed char-
acteristic will follow if one can show that H im(R
+) = 0 for i < dim(R). This is because
when R→ R+ is a pure map (which it is when R is a splinter),H im(R) injects intoH
i
m(R
+)
by [HR74, Corollary 6.6].
5. ACKNOWLEDGMENTS
We thank Takumi Murayama, Thomas Polstra, Karl Schwede and Anurag Singh for help-
ful conversations and their interest. We especially thank Bhargav Bhatt, Mel Hochster, Lin-
quan Ma and Karen Smith for patiently answering our many questions and for comments
on a draft. We first became aware of some of the questions addressed in this paper during a
lecture series taught by Linquan at the University of Illinois at Chicago. Part of this research
was carried out at the birthday conference in honor of Bernd Ulrich at the University of Notre
Dame, and we thank the conference organizers for providing a stimulating environment.
REFERENCES
[And18] Y. André, La conjecture du facteur direct, Pub. Math. de l’IHÉS 127(1) (2018), pp. 71–93.
[Bha12] B. Bhatt, Derived splinters in positive characteristic, Compositio Math. 148 (2012), pp. 1757–
1786.
[Bha18] , On the direct summand conjecture and its derived variant, Inventiones Math. 212(2)
(2018), pp. 297–317.
[Bha] , Derived splinters in mixed characteristic. To appear.
[BLR90] S. Bosch, W. Lütkebohmert and M. Raynaud, Néron Models, Ergebnisse der Mathematik und
ihrer Grenzgebiete 3. Folge·Band 21. Springer-Verlag Berlin Heidelberg (1990), x+325 pp.
22
[Bou89] N. Bourbaki, Elements of Mathematics. Commutative algebra, Chapters 1-7, Translated from
French. Reprint of the 1989 English Translation. Springer-Verlag Berlin Heidelberg (1989),
xxiv+625 pp.
[Bou03] N. Bourbaki, Elements of Mathematics. Algebra II, Chapters 4-7, Translated from French by
P.M. Cohn and J. Howie. Springer-Verlag Berlin Heidelberg (2003), vii+461 pp.
[EGAI] A. Grothendieck, Éléments de géométrie algébrique I: Le langage des schémas, with collabo-
ration of J. Dieudonné, Publications math. de l’IHÉS n◦4 (1960), 1–227 pp.
[EGAIVII] , Éléments de géométrie alg´ebrique: IV. étude locale des schémas et des morphismes de
schémas, Seconde partie, vol. 24, Publications mathématiques de l’I.H.É.S, 1965.
[Gre76] S. Greco, Two theorems on excellent rings, Nagoya Math. J. 60 (1976), pp. 139–149.
[Har98] N. Hara, A characterization of rational singularities in terms of injectivity of Frobenius maps,
Amer. J. Math. 120(5) (1998), pp. 981–996.
[Har66] R. Hartshorne, Residues and Duality, Springer-Verlag (1966), vii+423 pp.
[Har77] , Algebraic Geometry, Graduate texts in mathematics 52 Springer-Verlag (1977),
xvi+496 pp.
[Hei02] R. Heitmann, The direct summand conjecture in dimension three, Annals of Math. 156(2)
(2002), pp. 695–712.
[HH90] M. Hochster and C. Huneke, Tight closure, invariant theory and the Briançon–Skoda theorem,
Journal of AMS 3(1) (1990), pp. 31–116.
[HH92] , Infinite integral extensions and big Cohen-Macaulay algebras, Annals of Math. 135(1)
(1992), pp.53–89.
[HH94(a)] , F -regularity, test elements and smooth base change, Trans. Amer. Math. Soc. 346(1)
(1994), pp.1–62.
[HH94(b)] , Tight closure of parameter ideals and splitting in module finite ring extensions, J. of
Alg. Geom. 3 (1994), pp.599–670.
[HH95] , Applications of the existence of big Cohen–Macaulay algebras, Adv. in Math. 21(1)
(1995), pp. 45–117.
[HR74] M. Hochster and J.L. Roberts, Rings of invariants of reductive groups acting on regular rings
are Cohen–Macaulay, Adv. in Math. 13(2) (1974), pp. 115–175.
[HR76] , The purity of Frobenius and local cohomology, Adv. in Math. 21(2) (1976), pp. 117–
172.
[Hoc73(a)] M. Hochster, Contracted ideals from integral extensions of regular rings, Nagoya Math. Jour.
51 (1973), pp. 25-43.
[Hoc73(b)] , Non-openness of loci in Noetherian rings, Duke Math. J. 40(1) (1973), pp. 215–219.
[Hoc77] , Cyclic purity versus purity in excellent Noetherian rings, Trans. Amer. Math. Soc.
231(2) (1977), pp. 463-488.
[Hoc83] , Canonical elements in local cohomology and the direct summand conjecture, J. of Alg.
84(2) (1983), pp. 503–553.
[HW96] N. Hara and K.i. Watanabe, The injectivity of Frobenius acting on cohomology and local coho-
mology modules, Manuscripta Math. 90 (1996), pp. 301–315.
[ILL+07] S. B. Iyengar, G. J. Leuschke, A. Leykin, C. Miller, E. Miller, A. K. Singh, and U. Walther.
Twenty-four hours of local cohomology. Grad. Stud. Math., Vol. 87. Providence, RI: Amer.
Math. Soc., 2007, xviii+282 pp.
[ILO14] L. Illusie, Y. Laszlo and F. Orgogozo, eds, Travaux de Gabber sur l’uniformisation locale et
la cohomologie étale des schémas quasi-excellents (Séminaire à l’École polytechnique 2006–
2008). With the collaboration of F. Déglise, A. Moreau, V. Pilloni, M. Raynaud, J. Riou, B.
Stroh, M. Temkin, and W. Zheng.Astérisque 363-364 (2014), xxiv+619 pp.
[Kov00] S.J. Kovács, A characterization of rational singularities, Duke Math. J. 102 (2000), pp. 187–
191.
[Kov18] S.J. Kovács, Rational singularities, arXiv.1703.02269 (2018).
23
[Kun69] E. Kunz, Characterizations of regular local rings of characteristic p, Amer. J. of Math. 91
(1969), no. 3, 772–784.
[LR01] S. Loepp and C. Rotthaus, Some results on tight closure and completion, Jour. of Alg. 246
(2001), pp. 859–880.
[LT81] J. Lipman and B. Teissier, Pseudorational local rings and a theorem of Briançon-Skoda about
integral closures of ideals, Mich. Math. J. 28(1) (1981), pp. 97–116.
[Ma88] F. Ma, Splitting in integral extensions, Cohen–Macaulay modules and algebras, J. of Alg.
116(1) (1988), pp. 176–195.
[MS97] V.B. Mehta and V. Srinivas, A characterization of rational singularities, Asian J. Math. 1(2)
(1997), pp. 249–271.
[Nag55] M. Nagata, An example of a normal local ring which is analytically ramified, Nagoya Math. J.
9 (1955), pp. 111–113.
[Pop90] D. Popescu, Letter to the editor: “General Néron desingularization and approximation”
[Nagoya Math. J. 104 (1986), 85–115], Nagoya Math. J. 118 (1990), 45–53.
[Swa98] R.G. Swan, Néron-Popescu desingularization, Algebra and Geometry (Taipei 1995), Lect. Alg.
Geom., vol. 2, Int. Press, Cambridge, MA, 1998, pp. 135–192.
[Ray70] M. Raynaud, Anneaux locaux Hensélians, Lecture notes in mathematics 169, Springer-Verlag
(1970), v+129 pp.
[Sin99] A. Singh,Q-Gorenstein splinter rings of characteristic p are F -regular, Math. Proc. Cambridge
Philos. Soc. 127 (1999), pp. 201–205.
[Smi94] K. Smith, Tight closure of parameter ideals, Inventiones Math. 115 (1994), pp. 41–60.
[Smi97] , F -rational rings have rational singularities, Amer. J. of Math. 119(1) (1997), pp.
159–180.
[Sta19] The Stacks Project Authors, Stacks Project, http://stacks.math.columbia.edu,
2019.
[Wat91] K.i. Watanabe, F -regular and F -pure normal graded rings, J. of Pure and Applied Alg. 71
(1991), pp. 341–350.
DEPARTMENT OF MATHEMATICS, STATISTICS AND COMPUTER SCIENCE, UNIVERSITY OF ILLINOIS
AT CHICAGO, CHICAGO, IL 60607-7045, USA
E-mail address: rankeya@uic.edu
URL: https://rankeya.people.uic.edu/
E-mail address: kftucker@uic.edu
URL: https://kftucker.people.uic.edu/
24
